Solutions to the Homework in Lecture 4
Fundamentals of General Relativity (II)

These notes provide worked solutions to the homework problems in Lecture 4. We use dots
for derivatives with respect to cosmic time ¢ and primes for derivatives with respect to conformal
time 7.

Problem 1. Conformal-time practice
Question. Starting from d7 = dt/a, show explicitly that H# = aH. Then derive d/d7 = ad/dt.

Solution. By definition,

dt
dr = —.
a(t)
Taking reciprocals gives
dt
— =a.
dr
Now apply the chain rule to the scale factor:
a = da _dadi _ aa
T dr  dtdr
Therefore
H= a _ a.
a a
Since the usual Hubble parameter is
a
H=—,
a
we immediately obtain
H=aH.

For any time-dependent quantity X (¢),

_dX  dXdt  dX

/ - = — -
X = "o “a

Hence the differential operators satisfy

d d
= a—

dr dt

This is one of the most useful conversion rules in perturbation theory.



Problem 2. Anisotropic stress

Question. Read the meaning of anisotropic stress and explain why a perfect fluid gives ® = ¥
at linear order.

Solution. Anisotropic stress is the part of the stress tensor that depends on direction. In
other words, it is the traceless spatial part of the perturbed energy-momentum tensor. If the
stress is the same in every spatial direction, then there is no anisotropic stress. If different
directions experience different stresses, or if the medium supports shear, then anisotropic stress
is present.

For a perfect fluid,

TH = (p + P)utu” + Pg"".

Its spatial stress is purely isotropic: in the fluid rest frame the spatial part is just P4 e There
is no shear term and no traceless directional stress. Therefore the scalar anisotropic-stress
perturbation vanishes.

At linear order, the traceless part of the spatial Einstein equations relates the difference of
the two Newtonian-gauge potentials to anisotropic stress. A standard form is

E*(® — W) = 127Ga*(p + P)o,

where ¢ is the scalar shear stress. Equivalently, one may write the same statement in terms of
a traceless stress tensor IT" j The important physical point is the same:

no anisotropic stress = no source for ¢ — W.

Hence for a perfect fluid,
c=0 = |®d=V.

Physical interpretation. The potential ¥ perturbs the time-time part of the metric and
behaves like a Newtonian gravitational potential. The potential ® describes spatial curvature
perturbations. If the matter sector has no directional shear, general relativity ties these two
scalar perturbations together so that they are equal.

Examples. Photons and free-streaming neutrinos can generate anisotropic stress, so in those
cases one can have ® # W. But for the idealized perfect-fluid matter treatment used in intro-
ductory linear theory, the standard result is & = W.

Problem 3. Growth equation
Question. Starting from
8 = O, + 39, 0 +Hb, = KT,

and using the sub-horizon approximation with ® = W, derive the matter-growth equation in
cosmic time:

Om + 2H b, — 470G oy 6y = 0.

Solution. On sub-horizon scales, k > H, the metric potentials vary slowly compared with
the matter flow. In that regime one neglects the 3®’ term in the continuity equation and writes
0

!/
m = —0m.



Differentiate once more with respect to conformal time:

5L, =~ 6

m m:*

Now use the Euler equation,

0 = k>0 — Hb,,.
Substituting this into the previous expression gives
8 = —K*U + H6,,.

Using 6,,, ~ —4d/,, then yields
S+ H = —k*U.

To replace W by 9,,,, use the sub-horizon Poisson equation. In real space,
V20 = 41Ga® by, Opm.
With the standard Fourier rule V2 — —k?, this becomes
—k2U = 47Ga®p Orm.

Therefore
S+ ML, — 4rGa’p 6 = 0.

This is the conformal-time form of the linear growth equation.
We now convert it to cosmic time. From Problem 1,

8! = adpm.
Differentiating once more, ‘
d, . . do
n o 4 _ UOm
Oy = dT(aém) a'dm +a I
Since @’ = aH = a*H and d/dr = ad/dt,
o= a’Hé,, + a®s,, = a2(5m + Hdm)

Also, . .
HO! = (aH)(ady) = a®>Hop,.

Substituting into the conformal-time equation gives
a2 (O + Hom) + a>Hby — 471G a®ppy 8 = 0.

Divide by a:

Om + 2H by, — AT G Py Oy = 0.

This is the standard growth equation for pressureless matter in general relativity.

Remark on signs. Different Fourier-transform conventions move a minus sign between the
Poisson equation and the definition of k2. The final physical growth equation above is convention
independent.



Problem 4. Growing mode

Question. In an Einstein-de Sitter Universe, substitute d,, oc a”™ into the growth equation and
show that the growing mode has n = 1.

Solution. In an Einstein-de Sitter Universe,
Q= 1, Qp =0,
so the expansion is entirely matter dominated. The growth equation is
6+ 2HS — AnGpm 6 = 0.

Assume a power-law solution

0 = Aa",
with constant A and exponent n. Then
6 = nHo,
because ¢ = Ha. Differentiating again,
6 =nH8+nHS=nH?5+n>H?.
Hence the growth equation becomes
[nH £ n2H? 4 2nH? — 47Gpy) 6 = 0.

For Einstein-de Sitter,

87G 3
H? = ”Tpm = 4nGpn = SH.

Also, because a  t2/3, one has

2 . 2 3

H=—-, H=-—=--H”

3t 3t2 2

Substituting these relations gives
3 3
[n (—2H2> +n?H? 4+ 2nH? - 2H2] §=0.

Factor out H25:

1 3
2 2
- - = — V.

Therefore n satisfies
n? + 1n _3 =0
2 2 '
Multiplying by 2,

m?+n—3=0.

This factors as
(2n+3)(n—1)=0.

So the two solutions are

3

n=1 or n=—-.
2

The growing mode is therefore
Om X a,

while the decaying mode scales as

O X a 3?2,

This is the standard result for matter domination.



