
LECTURE 3: FUNDAMENTALS OF GENERAL RELATIVITY (I)
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1. Basics of tensor analysis

Aµ ≡ (A0, Ai), (i = 1, 2, 3)(1)

Aµ = gµνA
ν ; Aµ = gµνAν ; PµP

µ = P 2 = gµνP
µP ν(2)

So the metric can be used to lower or raise indices, even for itself, e.g.,

gµν = gµαgνβgαβ(3)

Set α = ν, we have,

gνβgαβ = δνα(4)

Note that for the FRW metric, the i-i component of gµν is a2, but it is a−2 for gµν .

2. The geodesic and the affine connection

The straight line in curves space is called a geodesic, whose equation is,

d2xµ

dλ2
+ Γµαβ

dxα

dλ

dxβ

dλ
= 0(5)

where the affine connection Γ can be evaluated using the metric, namely,

Γµαβ =
gµν

2

(
∂gαν
∂xβ

+
∂gβν
∂xα

−
∂gαβ
∂xν

)
(6)

The connection takes care of the change of the unit vectors when moving from one place
to another for an infinitesimal distance on a manifold, so it vanishes if there is no curvature.

Let us calculate the nonzero connections for the FRW metric,

Γ0
αβ =

1

2

∂gαβ
∂t

(7)

So,
1



2 GONG-BO ZHAO

Γ0
00 = Γ0

0i = Γ0
i0 = 0(8)

Γ0
ij = aȧ δij(9)

Γi0j = Γij0 =
ȧ

a
δij(10)

3. The Einstein equation

Gµν ≡ Rµν −
1

2
gµνR = 8πGTµν ; R ≡ gµνRµν(11)

Rµν ≡ Γαµν,α − Γαµα,ν + ΓαβαΓβµν − ΓαβνΓβµα(12)

For the background FRW metric,

R00 = −3
ä

a
; Rij =

(
2ȧ2 + aä

)
δij ; R = 6

[
ä

a
+

(
ȧ

a

)2
]

(13)

The 0-0 component of the Einstein equation yields,

(
ȧ

a

)2

=
8πG

3
ρ(14)

and the i-i component gives us,

ä

a
= −4πG

3
(ρ+ 3P )(15)

So the cosmic acceleration (ä > 0) means that there exists energy component with a
negative pressure!

4. Energy conservation

The energy conservation is mathematically equivalent to a vanishing covariant derivative
of the energy-momentum tensor, namely,

∇µTµν =
∂Tµν
∂xµ

+ ΓµαµT
α
ν − ΓανµT

µ
α(16)

It gives us the continuity equation (set ν = 0), say,

ρ̇+ 3Hρ(1 + w) = 0; w ≡ P

ρ
(17)

If w is a constant, then,
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ρ ∝ a−3(1+w)(18)

So for matter (w = 0), radiation (w = 1/3) and vacuum energy (w = −1), their energy
densities evolves with a−3, a−4 and a0, respectively.

The Friedmann equation reads,

H2(a) = H2
0

[
ΩMa

−3 + ΩRa
−4 + ΩKa

−2 + ΩXX(a)
]

(19)

X(a) ≡ Exp

[
−3

∫ a

1

1 + w(a′)

a′
da′
]

(20)

where ΩM + ΩR + ΩK + ΩX = 1.

5. Homework

Ex. 2.2 and 2.6 of Dodelson & Schmidt [1] (page 53-54), and prove Eq (19).
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