Solutions to the Homework in Lecture 3
Fundamentals of General Relativity (I)

These notes provide worked solutions to the homework problems in Lecture 3. We adopt the
metric signature (—, +,+,+) and use ¢ = 1.

Problem 1. Index gymnastics

Question. Starting from gH%g,, = 8", show explicitly how one raises and lowers the indices of
a vector and of the metric itself.

Solution. The relation
g#agoa/ = 5“]}
means that g"” is the inverse of g,,,. This is exactly what allows indices to be moved up and
down.
Lowering a vector index
Given a contravariant vector A¥, define
A, = gAY

This is the covariant version of the same vector.

Raising a vector index

Now apply g** to Ay:
gauAu — gaug”VAV — 5aVAV — A“.

So raising the index gives back the original vector:
At =gt A,
Therefore the metric and inverse metric act as the operators that lower and raise indices:

Ay =guA’. AT =g A,

Raising the indices of the metric itself
Start from g, and raise both indices:
99" gag-

Using the inverse-metric relation, this is exactly the object with both indices up, namely

9" = g"*9"" gap.

Similarly, starting from ¢®? and lowering both indices gives

uv = guaguﬂgaﬁ‘




Useful FRW example
For the flat FRW metric,

goo = —1, goi = 0, gij = a*0;;,
and

g% — 1, ¢ =0, g = =251,
So for any vector A*,

AO = gooAO = —AO, Al = gl'jAj = CLQ(SijAj.

Conversely, A - -
AY=gMAy = -4y, A'=gYA;=a 257 A;

This makes the scale-factor dependence of spatial components very explicit.

Problem 2. FRW Christoffels
Question. For the flat FRW metric
ds? = —dt? + a®(t)d;;dx"da?,
derive Foij = aa d;; and I‘ioj = H(Sij.
Solution. The nonzero metric components are
goo = —1, goi = 0, gi; = a®(t)d;;,

with inverse metric . - -
g =-1,  g¥%=0, g¥=aP(t)sV.

The Christoffel symbols are
1
Pﬂaﬁ — §g/ﬂ/ (0agpy + 089ar — 0v9ag) -

Because the metric depends only on ¢t = 20, all spatial derivatives of 9w vanish. Also,
0 .
8ogij = a((ﬁ@j) = 2aa 51]

Derivation of Foij
Set u=0,a =1, f=j:
L o,
% = 590 (Digjv + 0igiv — Dvgi) -

Since g% is nonzero only for v = 0,

1
% = 5 9% (9igjo + 0jgi0 — Dogiy) -

Now gio = 0 and ¢*° = —1, so
1 1 1 .
% = 5(=D(=00g:5) = 5009:5 = (20 d;).

Therefore,

0 _ .
F z] — aa,(sij.




Derivation of T";

Now set u =i, a =0, 8 = j:

. 1.,
FZOj = igl (aOQjV + 8]'.901/ - Vg()j) .
Because gg, = 0 for v # 0 and ggg is constant, the last two terms vanish, leaving

. 1.
o = iglkaogjk

(where k is a spatial index). Hence
Iy = L “25%%) (2a0.6,;) = fdéiké
0j = 3 (a )( ad dji) 070k

Since 5ik6jk = (5ij,

. a .

By symmetry of the lower indices,

Problem 3. Continuity equation
Question. Starting from V,T"" = 0 for a perfect fluid in FRW, derive
p+3H(p+ P) =0.
Then recover the scalings of matter, radiation, and vacuum energy.
Solution. For a perfect fluid,
T = (p + P)ut'u” + Pg"".
In comoving FRW coordinates the fluid is at rest, so
u = (1,0,0,0), u, = (—1,0,0,0).
Therefore the nonzero components of TH are
7% = p, 7% =0, T% = Pg¥ = Pa=25%.
To obtain the energy-conservation equation, use the v = 0 component of
Vv, T* =0.
For a rank-2 contravariant tensor,
v, =9,T" + T T +T%,, T

Setting v = 0 gives
0 0 0
0=0,1"" + 1%, 1T +17,,T".

We evaluate the terms one by one.



First term

Since T% = 0 and T = p,
0,TH0 = 9oT™ = p.

Second term
Only o = 0 contributes because T%° = 0 unless o = 0:
0 00
e = F“MOT .

Now ‘
I 0 =T% + 1" =0+3H = 3H,

so this term is
3Hp.

Third term

The only nonzero contribution comes from spatial indices:
0 0 i
F HaT,LLCV - F ”TU

Using Fol-j = aad;j and TY = Pa=25§%,
0T = (ai6;;)(Pa~26%) = gP 561 = 3HP.

Putting everything together,
0=p+3Hp+3HP,

SO

p+3H(p+P)=0.]

Scaling with the scale factor

If P = wp with constant w, then
p+3Hp(1+w) = 0.
Using H = a/a and writing p = (dp/da)a, we get

dp a
La+3%p01 — 0.
daa—i-?)ap( +w) =0

Assuming & # 0,

d 3(1
dp 30 +w) 4
da a
This separates as
d d
L 31+ w) 2
p a
Integrating,
Inp =—3(1 +w)lna+ const,
so
p(a) x a—3(1+w)‘
Hence:



e Matter (dust): w=0= py x a3

e Radiation: w=1/3 = p, x a™%;
e Vacuum energy: w = —1 = pp = constant.

The extra factor of a~! for radiation comes from the redshifting of each photon energy in addition
to the usual dilution of number density.

Problem 4. Acceleration condition

Question. Suppose the Universe contains a single fluid with constant equation of state w.
Show that the expansion accelerates only when w < —1/3. Give one physical example and one
non-example.

Solution. For a homogeneous FRW Universe, the acceleration equation is

a e
—=—-""(p+3P).
" 3@+ )

If the Universe contains a single fluid with constant equation of state
P = wp,

then . A
a T
—=——p(1 4+ 3w).
" 5 (1 +3w)
Assuming a physically sensible positive energy density p > 0, the sign of d is determined entirely

by 1+ 3w:
e if 1 + 3w > 0, then & < 0 and the expansion decelerates;
e if 1+ 3w < 0, then d > 0 and the expansion accelerates.

Therefore accelerated expansion requires

1+3w<0 = w< —=.

Example. A cosmological constant has
w=—1,

which satisfies w < —1/3, so it drives accelerated expansion.

Non-example. Pressureless matter (dust) has
w =0,

so 14+ 3w =1 > 0. Therefore it does not produce accelerated expansion; instead it causes
deceleration. (Another non-example is radiation, with w = 1/3.)



