LECTURE 14: THE MEASUREMENT OF RSD

GONG-BO ZHAO

LEARNING GOALS

After this lecture, students should be able to:

e explain the physical origin of redshift-space distortions and derive the linear Kaiser mul-
tipoles;

e interpret the TNS model as an intermediate-level template between linear theory and
modern EFT analyses;

e distinguish standard template fitting, ShapeFit compression, and EFT full modelling;

e write down the schematic ingredients of a DESI-like full-shape likelihood, including the
survey window, nuisance parameters, and post-reconstruction BAO information;

e describe why recent DESI analyses are moving beyond the power spectrum alone, for
example by including the bispectrum or the cross-information between pre- and post-
reconstruction fields.

1. FROM LINEAR RSD TO REALISTIC ANALYSES

In real space, a galaxy sits at comoving position x, but in redshift space its radial peculiar
velocity shifts the inferred line-of-sight position. In the plane-parallel limit,

X
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where n is the line-of-sight direction. Mass conservation then implies that anisotropy
appears in Fourier space even if the real-space clustering is statistically isotropic.
At linear order, one obtains the Kaiser formula [15],

(2) P (k, 1) = (b + f1i2)” Pr(k),

where by is the linear galaxy bias, f = dIn D/dIna is the linear growth rate, u = k-n, and
Pr,(k) is the linear matter power spectrum. The observable anisotropy is usually discussed
in terms of Legendre multipoles,
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For the Kaiser model the lowest three non-zero multipoles are

(@) ) = (B+2nfe 1) A
o) P = (Gt +28) P
(6) Pik) = PR,

This already shows two important facts. First, RSD is intrinsically anisotropic and there-
fore needs at least a monopole and quadrupole, and often also a hexadecapole, to be
measured. Second, the quantity most tightly constrained by a two-point analysis is usually
a growth-amplitude combination such as fog, rather than f and og separately.

However, the linear expression is not accurate enough for modern surveys. On quasi-
linear scales the observed anisotropy is affected by nonlinear density evolution, nonlinear
bias, velocity dispersion along the line of sight, Alcock-Paczynski (AP) distortions, the
survey window function, and observational systematics such as fiber assignment. This is
why practical RSD work is really a full-shape problem: one must forward-model the entire
anisotropic clustering signal, not just a single feature.

2. THE TNS MODEL

The RSD is much more difficult to measure accurately, simply because it is harder to
model the velocity power spectrum properly, even on linear scales. The commonly used
model, or template, of the RSD is called the TNS model [4].

Pg(kv Hy Z) =Droc (k7 H2, Z) [Pg,55(k7 Z)
(7) + 2f(z),uPPg’59(k, 2) + f2(2)put Pog(k, 2)
+ A(k, p, 2) + B(k, p, 2)]
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2.1. How to read the TNS formula. The TNS model can be read in layers. The first
three terms,

(12) Pyss + 2f11° Py o + 211" Ppo,

are the nonlinear extension of the Kaiser density-density, density-velocity and velocity-
velocity contributions. The extra A and B terms encode mode-coupling corrections gen-
erated by nonlinear redshift-space mapping [4]. Finally, the multiplicative damping factor
Dgoc accounts phenomenologically for small-scale random motions along the line of sight,
the so-called Fingers-of-God effect.

This is why the TNS expression has remained so influential. It is complicated enough
to go beyond the linear Kaiser limit, yet simple enough to be used as a practical fitting
template. Historically, many BOSS and eBOSS fog measurements used this style of mod-
elling [5, 6, 7]. Pedagogically, it is useful to regard TNS as a bridge between the classic
BAO+RSD template era and the more recent EFT full-modelling era.

2.2. From a theory model to an observable data vector. A power-spectrum model
by itself is not yet the quantity fitted to survey data. As discussed in the previous lecture,
the survey geometry and estimator act on the theory through a forward model. In a
compact notation one may write

(13) dth = Wt(aj_aa\\aﬂcosm07'l9nuis)7
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FiGUurE 1. The BAO and RSD fit in k-space using BOSS DR14 quasar
mock data [5].

where t is the unconvolved theoretical multipole vector, W is the survey-window opera-
tor, o) || describe AP distortions, and Jpnuis contains bias, FoG and broadband nuisance
parameters. The Gaussian likelihood is then

(14) = (d—-dy)TCHd - dw).

This equation is deliberately simple, but it is the conceptual backbone of almost every
modern full-shape analysis, including DESI [18, 9].

There are two approaches for the full-shape analysis: A) a fixed-template analysis and
B) a full-modeling analysis.
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F1cURE 2. The BAO and RSD fit in k-space using the actual BOSS DR14
quasar data [5].

3. A FIXED-TEMPLATE ANALYSIS

A fixed-template analysis means that the ‘model’ used for the full-shape analysis has
a fixed shape, generated using a fiducial cosmology. This is why it is called a ‘template’
instead of ‘model’. Traditional measurements for fog follow this approach, including the
works in [5, 6, 7].

Recently, a new approach called ‘ShapeFit’ [8] was developed to extend the applicability
of the fixed-template analysis, which can be regarded as an improved version of the fixed-
template analysis (but it is still a fixed-template analysis). The new DESI analysis took
this approach [9].

3.1. What is really varied in a fixed-template fit. In a traditional template analysis,
the broadband shape of the theoretical spectrum is inherited from one fiducial cosmology
and is not recomputed from scratch at every likelihood step. Instead, the fit varies a
relatively small set of physically transparent parameters, typically AP scalings, a growth-
amplitude combination, bias amplitudes and broadband nuisance coefficients:

(15) dtimp :Wtﬁd(aJ_vavao-Svn)'
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This makes the fit fast and robust, which is one reason template methods were so suc-
cessful for BOSS and eBOSS. The price is that one does not let the cosmological model
reshape the full transfer function directly. Therefore a conventional template fit is excel-
lent for measuring geometric and growth combinations, but less direct for constraining the
underlying cosmological parameters themselves.

3.2. ShapeFit as an extended template analysis. ShapeFit was introduced to bridge
part of the gap between the traditional compressed BAO+RSD approach and a direct
cosmological full-modelling fit [8, 16]. A convenient schematic way to write the ShapeFit
deformation is

k k
(16) PSF (k) oc Pid(k) exp {m tanh (a In ) +nln } ,
a k, k,

with a pivot scale k, chosen near the matter-radiation equality scale and with a fixed to
a value such as a ~ 0.6 in practical implementations. The parameter m controls the local
slope around the pivot and therefore captures information related to the equality scale,
while n behaves more like an overall tilt parameter. In DESI DR1, one effectively varies a
single shape degree of freedom because the two are strongly anti-correlated [9)].

This is a very elegant idea. ShapeFit keeps the computational and interpretational
advantages of a compression approach, but it recovers much more of the broadband in-
formation than the older standard (« L, fog) compression. In this sense it is still a
fixed-template method, but it is a much more informative one. For a Stage-IV survey, this
middle ground is extremely attractive: fast enough to validate on many mocks, but much
closer in information content to direct cosmological fitting.

3.3. When is a fixed-template analysis especially useful? Template approaches re-
main especially useful in three situations. First, they are ideal when the immediate goal is
to quote robust late-time observables such as distances and growth combinations with min-
imal dependence on early-Universe assumptions. Second, they are computationally cheap,
which makes them easy to test over many survey realizations and systematic variations.
Third, they provide an intuitive compression that is often closer to what one wants to
display in summary plots. Their main weakness is that once the true cosmology moves
significantly away from the fiducial template, or once one wants to explore extensions that
truly reshape the transfer function, direct full modelling becomes more natural.

4. A FULL-MODELING ANALYSIS

A full-modeling analysis means that the shape of the model varies with cosmological
parameters, which is more robust but computationally more expensive. In this approach,
the theory model of EFTofLLSS [10] is widely used. Recent implications include [9, 11, 12,
13].
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4.1. A schematic EFT decomposition. The EFT point of view is that we should not
pretend to know all small-scale physics exactly. Instead, we write the large-scale galaxy
field as a bias expansion plus effective corrections that absorb unresolved short-distance
effects. Schematically,

b
(17) 8y(x) = b1d + 5252 +b2s? 4+ bgmOs + €+ -,
and in redshift space one writes the anisotropic power spectrum as

JR
(18) Py (k1) = Plrg ttoop (ks 12) + Petr (. 1) + Pagoen (K, p)-

Here Ri’ii_noop denotes the perturbative prediction, including the usual infrared resum-
mation that treats the BAO damping correctly, P, contains counterterms, and Psioch
contains shot-noise-like and other stochastic corrections [10, 17, 11].

A useful schematic form is
Pege(k, 1) ~ =2k Piin (k) (co + cop® + cap® + )

(19> 2 2 2
Pstoch(kaﬂ) ~ Pshot + 32k7 + S2ﬂk 7

where the coefficients ¢; and s; are nuisance parameters marginalized over in the fit. The
exact basis differs from code to code, but the logic is universal: as one pushes to higher
k, the missing short-distance physics first appears as smooth corrections with increasing
powers of k.

The BAO part of the signal is usually treated with infrared resummation, which may be
written schematically as

k*2% (1)
2

This is one of the reasons EFT-style models are conceptually cleaner than older templates:
the smoothing of the BAO by large bulk flows is treated in a systematic expansion rather
than inserted by hand.

(20) Puig(k, ) — exp |:_ :| Pig(k, 1), 22(“) = Ei + “2 (Zﬁ - Ei) .

4.2. A DESI-like full-shape likelihood. A modern DESI-style analysis does not fit
only the pre-reconstruction power spectrum, and it does not ignore the survey window. A
simple schematic likelihood can be written as

T
(21) d = (B, PP, P, b af™)
(22) din(60) = (W tpre(6,b, ¢, 8), a1 (8), ) (9)) ",
(23) X2 = (d - dth)TC;)};(d - dth)’ Ctot = Cstat + Csys-

The first block describes the pre-reconstruction full-shape information, while the second
block adds the sharpened post-reconstruction BAO constraints. This is a very practi-
cal strategy: pre-reconstruction data retain the broadband growth and RSD information,
whereas post-reconstruction statistics measure the acoustic scale more cleanly [19, 9, 27].
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For DESI DR1 the measurement paper uses more than 4.7 million galaxy and quasar
redshifts in six redshift bins over roughly 7,500 square degrees, and reports a combined
precision of about 4.7% on the amplitude of the RSD signal in a compressed analysis [9].
In the direct cosmological interpretation, the DESI full-shape plus BAO combination with
simple early-Universe priors already gives highly competitive constraints on €,,, Hy and
og [9, 12].

4.3. Why full modelling is powerful, and why it is hard. The main advantage of
full modelling is obvious: cosmological parameters are fit directly, so the entire broadband
shape, the BAO scale, and the anisotropic RSD information are used in one coherent
likelihood. This is particularly attractive for models beyond the minimal six-parameter
ACDM picture, for massive neutrinos, or for modified gravity, where one really wants the
theory prediction itself to change as the cosmological parameters vary [12, 13].

The cost is equally obvious. One must validate the perturbative model, the scale cuts,
the nuisance priors, and the covariance model very carefully. This is why DESI invested
so much effort in companion validation papers using velocileptors, FOLPS, PyBird, and
configuration-space approaches [21, 22, 23, 24, 25]. A very important modern lesson is
that modelling systematics are often best propagated at the level of the data covariance,
for example by adding a systematic term such as

(24) Ctot = Cstat + Crop + -+,

rather than only inflating final parameter error bars after the fact [26].

4.4. The role of the survey window and fiber assignment. In DESI, the formal
likelihood above is only useful after the measurement process is modelled realistically. The
survey mask, wide-angle effects and the small-angle cut used to mitigate fiber-assignment
incompleteness all act through the window operator discussed in the previous lecture. In
practice DESI removes pairs below 6 ~ 0.05° in the full-shape power-spectrum estimator,
which helps control fiber-assignment systematics but makes the raw window operation more
extended in k. This is precisely why the rotated-window formalism discussed in Lecture
13 is not an optional technicality, but part of the cosmological forward model [18, 20, 9].

Recently, a new method for the RSD measurement is developed by cross-correlating
the pre- and post-reconstructed density fields [14]. This is a very efficient way to extract
high-order statistics from 2-point statistics.

A simple way to phrase this idea is to enlarge the two-point data vector. Instead of
using only the auto-spectrum of the pre-reconstruction density field, one may consider

(25) Ppre(k, 1) = <5pre(k)5;re(k)>»
(26) Poost(k, 1) = (dpost (K)05ost (K)),
(27) Py(k,p) = (Opre(k) ;k)ost(k»'
One may also define the cross-correlation coefficient

(28) (k. ) Dok )

B \/Ppre(k’ ﬂ)Ppost(kv 1) .
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The point is not that reconstruction creates information from nothing. Rather, recon-
struction moves some higher-order information into modified two-point statistics. A joint
analysis of (Ppre, Ppost, Px) can therefore extract information that is inaccessible to a sin-
gle auto-spectrum alone, while staying at the level of two-point summary statistics [14]. A
closely related practical idea, already explored in BOSS, is to combine pre-reconstruction
full-shape information with post-reconstruction BAO information in one likelihood [27].

5. RECENT DESI FULL-SHAPE ANALYSES AND OUTLOOK

The DESI DR1 programme is a very useful worked example because it already contains
the whole modern chain: the clustering measurements and systematics studies [18], the
post-reconstruction BAO measurements [19], the full-shape power-spectrum measurement
paper [9], and the cosmological interpretation paper [12]. From the teaching point of view,
one can think of these as four parts of a single story rather than four unrelated papers.

A striking feature of the DESI DR1 full-shape effort is how much validation preceded
the cosmology result. The collaboration compared several perturbative pipelines, several
parameterizations, several scale cuts, and several tracers. The general conclusion was not
that all pipelines are identical, but that once each is used within a validated regime, they
return mutually consistent cosmological information for DESI-like data volumes [21, 22,
23, 24, 25]. This is an extremely healthy lesson for students: modern cosmology is not just
about writing down a beautiful likelihood, but about proving that it is numerically and
physically trustworthy.

A second lesson is that systematic uncertainties are now handled at a much more mature
level than in older analyses. For example, DESI studied the impact of halo-occupation
uncertainty on full-shape inference and encoded it as an additional covariance contribution
rather than as an ad hoc shift in final parameters [26]. This is precisely the right philosophy
for a data set that is already in the Stage-IV regime.

5.1. Beyond the power spectrum alone. Recent DESI-based analyses are also moving
beyond the power spectrum by combining two-point and three-point information. A natural
joint data vector is

(29) djoint = (PO) Py, Py, BO)T )

where By denotes the bispectrum monopole in a chosen triangle basis. The bispectrum
helps because it breaks degeneracies among growth, clustering amplitude, and nonlinear
bias parameters that are difficult to separate with the power spectrum alone.

A first DESI DR1 joint power-spectrum-plus-bispectrum analysis of LRG and QSO sam-
ples showed improved compressed constraints relative to the power-spectrum-only case,
especially for the growth-amplitude and broadband-shape information [28]. A 2026 cos-
mological follow-up using the same DESI DR1 joint data vector found that adding the
bispectrum reduces the uncertainty on ln(lOlOAs) by about 20% relative to the power
spectrum alone [29]. This is a very good example of where the field is going next: not re-
placing full-shape analysis, but enlarging the summary statistic beyond the power spectrum
while keeping the same basic forward-modelling philosophy.
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5.2. ShapeFit or direct full modelling? For students, the cleanest way to think about
the current landscape is the following. Standard BAO-+RSD template fitting is the fastest
and most compressed method, but it deliberately throws away some broadband informa-
tion. ShapeFit keeps the speed and much of the model independence of a template ap-
proach, while capturing most of the extra information in the shape of the linear spectrum.
Direct EFT full modelling is the most straightforward route when one wants cosmological
parameters themselves, especially for non-minimal models, but it demands the heaviest
validation campaign. The DESI DR1 papers are important precisely because they show
that all three styles of analysis can now be placed in one coherent framework.

SUMMARY

The measurement of redshift-space distortions has evolved from the linear Kaiser picture
to TNS-like nonlinear templates and then to modern EFT-style full-shape forward mod-
elling. The TNS model remains a useful pedagogical bridge, because it makes the main
physical ingredients visible: nonlinear density-velocity couplings and FoG damping. Shap-
eFit extends the old fixed-template strategy so that much more broadband information
can be retained without fully abandoning compressed variables. EFT full modelling goes
one step further and allows the cosmological model itself to reshape the entire prediction,
at the cost of more nuisance parameters and much heavier validation. DESI DRI is the
best current example of how these ideas are implemented in a real survey pipeline.

SUGGESTED READING

For the compressed-analysis point of view, start with the ShapeFit paper of Brieden,
Gil-Marin and Verde [8] and its bridge-to-cosmology companion [16]. For EFT full mod-
elling, Carrasco, Hertzberg and Senatore [10], Ivanov, Simonovi¢ and Zaldarriaga [17],
and D’Amico, Senatore and Zhang [11] are good starting points. For modern survey-scale
examples, the DESI DR1 full-shape measurement and cosmology papers [9, 12] are the
natural references.

HOMEWORK

(1) Starting from the Kaiser formula P;’hn(k, w) = (b1 + fu?)2PL(k), derive the monopole,
quadrupole and hexadecapole. Then evaluate the coefficients for b; = 2 and f = 0.75.

(2) In your own words, explain the difference between a standard fixed-template analysis,
a ShapeFit analysis, and a direct EFT full-modelling analysis. Which one varies the
cosmological model itself at each likelihood step?

(3) Consider the schematic EFT counterterm P, ~ —2cok? Py, (k). If k& doubles, by what
factor does the prefactor k? change? Explain why this immediately suggests that every
choice of ky.x must be validated on mocks.

(4) Give one reason why DESI combines pre-reconstruction full-shape information with
post-reconstruction BAO information, and one reason why adding the bispectrum can
improve full-shape constraints further.
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