
LECTURE 11: THE MEASUREMENT OF POWER SPECTRUM

MULTIPOLES

GONG-BO ZHAO

Abstract. This lecture explains how power-spectrum multipoles are measured in a re-
alistic galaxy survey. We keep the compact 2025 derivations intact, then extend them in
the more explanatory 2026 style by adding shell-averaged estimators, simple linear-theory
examples, cross-power spectrum multipoles, the connection to configuration space, and
the role of BAO reconstruction in pre- and post-reconstruction measurements.

Learning goals

After this lecture, students should be able to:

• write down the Yamamoto and FFT-based estimators for P`(k);
• derive the linear-theory monopole, quadrupole, and hexadecapole for auto- and cross-

power spectra;
• explain how shot noise, shell averaging, and the survey window enter a practical mea-

surement;
• connect P`(k) to ξ`(s) through spherical Bessel transforms;
• outline how BAO reconstruction changes the field that is used to measure multipoles.

1. Measurement of power spectrum multipoles

x = χ cos δ cosα

y = χ cos δ sinα

z = χ sin δ

(1)

The Yamamoto estimator,

P̂`(k) =
(2`+ 1)

I

∫
dΩk

4π

[∫
dr1

∫
dr2F (r1)F (r2)× eik·(r1−r2)L`

(
k̂ · r̂h

)
− P noise

` (k)

]
,

P̂Yama
` (k) =

(2`+ 1)

I

∫
dΩk

4π

[∫
dr1F (r1) e

ik·r1 ×
∫
dr2F (r2) e

−ik·r2L`
(
k̂ · r̂2

)
− P noise

` (k)

]
,

which can not be evaluated using FFTs.
One solution is the following [1],
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An(k) =

∫
dr(k̂ · r̂)nF (r)eik·r(2)

P̂ Yama
0 (k) =

1

I

∫
dΩk

4π
[A0(k)A∗0(k)]− P noise

0

P̂ Yama
2 (k) =

5

2I

∫
dΩk

4π
A0(k) [3A∗2(k)−A∗0(k)]

P̂ Yama
4 (k) =

9

8I

∫
dΩk

4π
A0(k) [35A∗4(k)− 30A∗2(k) + 3A∗0(k)]

(3)

k̂ · r̂ =
kxrx + kyry + kzrz

kr
(4)

A2(k) =
1

k2
{
k2xBxx(k) + k2yByy(k) + k2zBzz(k)

+ 2 [kxkyBxy(k) + kxkzBxz(k) + kykzByz(k)]}
(5)
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Bij(k) ≡
∫
dr
rirj
r2

F (r)eik·r(6)

A4(k) =
1

k4
{
k4xCxxx + k4yCyyy + k4zCzzz

+ 4
[
k3xkyCxxy + k3xkzCxxz + k3ykxCyyx

+ 43ykzCyyz + k3zkzCzzx + k3zkyCzzy]

+ 6
[
k2xk

2
yCxyy + k2xk

2
zCxzz + k2ykzCyzz

]
+ 12kxkykz [kxCxyz + kyCyxz + kzCzxy]}

(7)

Cijl(k) ≡
∫
dr
r2i rjrl
r4

F (r)eik·r(8)

This works, but not efficient. A better way is using the addition theorem [2],

L` (r̂1 · r̂2) =
4π

2`+ 1

∑̀
m=−`

Y`m (r̂1)Y
?
`m (r̂2)(9)

which is a generalisation of the well-known formula below,

sin(x+ y) = sin(x) cos(y) + cos(x) sin(y)
cos(x+ y) = cos(x) cos(y)− sin(x) sin(y)

(10)

Now,

P̂`(k) =
2`+ 1

I

∫
dΩk

4π
F0(k)F`(−k)(11)

F`(k) ≡
∫

drF (r)eik·rL`(k̂ · r̂)

=
4π

2`+ 1

∑̀
m=−`

Y`m(k̂)

∫
drF (r)Y ∗`m(r̂)eik·r

(12)

where

Y`m(θ, φ) ≡


√

2`+1
2π

(`−m)!
(`+m)!L

m
` (cos θ) cosmφ m > 0√

2`+1
4π L

m
` (cos θ) m = 0√

2`+1
2π

(`−|m|)!
(`+|m|)!L

|m|
` (cos θ) sin |m|φ m < 0

(13)
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The equations above are the compact derivation kept from the 2025 notes. The rest of
this lecture extends them in the more explanatory 2026 style.

1.1. Useful definitions and shell averages. The estimator above measures the multi-
poles of the anisotropic power spectrum,

(14) P (k, µ) =
∞∑
`=0

P`(k)L`(µ), P`(k) =
2`+ 1

2

∫ 1

−1
dµP (k, µ)L`(µ),

where µ ≡ k̂ · n̂. For an auto-power spectrum in the distant-observer limit only even
multipoles survive. In practice, for a galaxy survey one usually starts from the weighted
overdensity field [3]

(15) F (r) = w(r) [ng(r)− αns(r)] ,

where ng and ns are the galaxy and random catalogues, w(r) can include FKP and
observational weights, and α fixes the overall normalisation of the random catalogue. A
common choice is

(16) I =

∫
dr [n̄(r)w(r)]2 .

The shell-averaged estimator used in practice is

(17) P̂`(ki) =
2`+ 1

INi

∑
k∈ki

Re [F0(k)F`(−k)]− P noise
` ,

where the sum runs over all Fourier modes in the bin ki −∆k/2 ≤ |k| < ki + ∆k/2 and
Ni is the number of modes in that bin. For the standard Poisson model, the shot-noise
term mainly affects the monopole, while P noise

2 = P noise
4 = 0.

Useful identities are

(18) µ0 = L0(µ), µ2 =
1

3
L0(µ) +

2

3
L2(µ), µ4 =

1

5
L0(µ) +

4

7
L2(µ) +

8

35
L4(µ).

These identities are often the fastest way to read off the multipoles of any model of the
form A+Bµ2 + Cµ4.

1.2. Simple examples. Example 1: isotropic clustering in real space. If P (k, µ) =
Pr(k), then

(19) P0(k) = Pr(k), P`>0(k) = 0.

Thus any non-zero quadrupole or hexadecapole is a direct signature of anisotropy.
Example 2: linear Kaiser redshift-space distortions. In linear theory [4]
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(20) P s(k, µ) =
(
b+ fµ2

)2
Pm(k) =

[
b2 + 2bfµ2 + f2µ4

]
Pm(k).

Using the identities above,

P0(k) =

(
b2 +

2

3
bf +

1

5
f2
)
Pm(k),

P2(k) =

(
4

3
bf +

4

7
f2
)
Pm(k),

P4(k) =
8

35
f2Pm(k).

(21)

Therefore P2 and P4 vanish when f = 0, and the relative size of these multipoles provides
a direct measurement of the growth rate.

Writing β ≡ f/b, the same result becomes

P0(k) = b2
(

1 +
2

3
β +

1

5
β2
)
Pm(k),

P2(k) = b2
(

4

3
β +

4

7
β2
)
Pm(k),

P4(k) = b2
8

35
β2Pm(k).

(22)

1.3. Cross-power spectrum multipoles. For two different tracers A and B we define

(23) FA(r) = wA(r) [nA(r)− αAns,A(r)] , FB(r) = wB(r) [nB(r)− αBns,B(r)] .

A convenient cross-normalisation is

(24) IAB =

∫
dr n̄A(r)n̄B(r)wA(r)wB(r),

although in the literature one also finds closely related conventions. The natural gener-
alisation of the FFT estimator is

P̂AB` (k) =
2`+ 1

2IAB

∫
dΩk

4π

[
FA0 (k)FB` (−k) + FB0 (k)FA` (−k)

]
− PAB`,noise.(25)

The symmetrised form is convenient because it is manifestly real after shell averaging.
For independent tracers one usually has PAB`,noise = 0. If the two samples overlap, a cross-
shot-noise contribution can appear, usually dominated by the monopole.

In linear theory the redshift-space cross-power spectrum is

(26) PAB(k, µ) =
(
bA + fµ2

) (
bB + fµ2

)
Pm(k).



6 GONG-BO ZHAO

Therefore

PAB0 (k) =

(
bAbB +

1

3
f(bA + bB) +

1

5
f2
)
Pm(k),

PAB2 (k) =

(
2

3
f(bA + bB) +

4

7
f2
)
Pm(k),

PAB4 (k) =
8

35
f2Pm(k).

(27)

Setting A = B reproduces the auto-spectrum result above. In the distant-observer limit
these expressions are even in µ, so only even multipoles are present. Odd multipoles can
arise once wide-angle, relativistic, or selection effects are included, and cross-spectra are
often the cleanest place to look for them.

1.4. BAO reconstruction and post-reconstruction multipoles. Non-linear bulk flows
broaden the acoustic peak in configuration space and damp the BAO wiggles in Fourier
space. BAO reconstruction uses the large-scale density field to estimate these displace-
ments and move galaxies and randoms part of the way back toward their initial positions
[5, 6, 7, 8].

A standard first step is to smooth the observed density field with a Gaussian kernel,

(28) δsm(k) = S(k)δsg(k), S(k) = exp

(
−k

2Σ2
sm

2

)
,

with a typical smoothing scale Σsm ∼ 10–20h−1Mpc. In the simplest Zel’dovich approxi-
mation one estimates the displacement from

(29) Ψ(k) = −i k

k2
δsm(k)

b
.

If the input field is in redshift space, a common approximation is

(30) Ψs(k) = −i k

k2
δssm(k)

b(1 + βµ2)
, β ≡ f

b
,

while an iterative first-step estimate can be written as [7]

(31) δ
(1)
est (k) =

δsg(k)

b

(
1− β

1 + β
µ2
)
.

This makes explicit that reconstruction is trying to infer a smoothed real-space density
field from the observed redshift-space one.

The displaced and shifted number-density fields are then built from galaxies and randoms
moved backward by the estimated large-scale flow. In compact notation,

(32) F rec(r) = w(r)
[
ndispd (r)− αnshifts (r)

]
,

and the reconstructed density contrast is often written as

(33) δrec(r) = δd(r)− δs(r).
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Because the reconstructed field has exactly the same form as the pre-reconstruction field,
the same FFT estimator may be used again:

(34) P̂ rec
` (ki) =

2`+ 1

IrecNi

∑
k∈ki

Re [F rec
0 (k)F rec

` (−k)]− P rec
`,noise.

The main physical effect is that reconstruction reduces the BAO damping scales. Schemat-
ically, the wiggle part of the power spectrum changes from

(35) P pre
wig(k, µ) ∝ exp

[
−k

2

2

(
(1− µ2)Σ2

⊥ + µ2Σ2
‖

)]
to

(36) P post
wig (k, µ) ∝ exp

[
−k

2

2

(
(1− µ2)Σ2

⊥,rec + µ2Σ2
‖,rec

)]
,

with Σ⊥,rec < Σ⊥ and Σ‖,rec < Σ‖. The acoustic wiggles therefore become sharper, and in
configuration space the BAO peak becomes narrower and higher.

Two conventions are common in redshift-space reconstruction. In an isotropic conven-
tion (often called Rec-Iso), the large-scale Kaiser anisotropy is partly removed from the
reconstructed field, so the post-reconstruction quadrupole is small. In a symmetric con-
vention (often called Rec-Sym), the large-scale RSD signal is kept, so post-reconstruction
monopole and quadrupole can both be modeled and fitted. This matters directly for lec-
ture 11, because the estimator for P`(k) is the same in both cases, but the expected size
of the post-reconstruction higher multipoles is not.

1.5. A practical workflow. A realistic anisotropic clustering pipeline usually follows
these steps:

(1) build the weighted galaxy and random catalogues and convert (α, δ, z) to Cartesian
coordinates;

(2) measure pre-reconstruction multipoles P0, P2, and usually P4;
(3) estimate the large-scale displacement field from a smoothed density field and construct

the displaced and shifted catalogues;
(4) re-measure post-reconstruction multipoles with the same FFT machinery;
(5) convolve the theory with the survey window and fit either a BAO-only model or a

combined BAO+RSD model.

The important practical point is that reconstruction is inserted between two measure-
ments of the same object: before reconstruction one measures multipoles from the observed
field, while after reconstruction one measures the multipoles of the displaced-minus-shifted
field. This is why the estimator developed in this lecture is used both before and after
reconstruction.

1.6. Practical remarks for FFT-based measurements. There are two equivalent ways
to reduce the line-of-sight dependence to FFTs. The Cartesian decomposition above writes
everything in terms of Bij and Cijl fields. The spherical-harmonic form writes
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(37) D`m(k) ≡
∫
drF (r)Y ∗`m(r̂)eik·r,

so that

(38) F`(k) =
4π

2`+ 1

∑̀
m=−`

Y`m(k̂)D`m(k).

For ` = 0, 2, 4, this requires 1 + 5 + 9 = 15 FFTs rather than the 1 + 6 + 15 = 22 FFTs
of the direct Cartesian expansion, which is why the spherical-harmonic implementation is
usually preferred.

When measuring P`(k) numerically, several practical issues matter. First, the density
field must be painted on a grid. The mass-assignment window and aliasing should be cor-
rected, or at least controlled, for example by deconvolving the assignment window and using
interlacing. Second, the theory must be convolved with the survey window. Schematically,

(39) 〈P̂`(k)〉 =
∑
`′

∫
dq q2W``′(k, q)P`′(q),

so the observed monopole receives contributions from the true quadrupole and hexade-
capole, and vice versa. Third, the integral constraint suppresses power on the very largest
scales because the survey mean is estimated from the survey itself. Fourth, cross-spectra
are often less sensitive to uncorrelated systematics and can be very useful as null tests,
because many additive contaminants do not correlate between two independent tracers.

1.7. Connection to configuration-space multipoles. The power spectrum and corre-
lation function multipoles carry the same information. They are related by spherical Bessel
transforms,

ξ`(s) = i`
∫
k2dk

2π2
P`(k)j`(ks),

P`(k) = 4π(−i)`
∫
s2ds ξ`(s)j`(ks).

(40)

This relation is useful in two ways. First, it gives a direct cross-check between a power-
spectrum pipeline and a correlation-function pipeline. Second, it explains why the same
physical effects, such as redshift-space distortions, wide-angle corrections, and the survey
window, can be described either in Fourier space or in configuration space.

Summary

The main lesson of this lecture is that measuring power-spectrum multipoles is concep-
tually simple but technically subtle. The line-of-sight dependence makes the estimator
anisotropic, the survey window mixes multipoles, and the practical implementation relies
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on FFT tricks. Once these ingredients are in place, the same machinery can be used for
pre-reconstruction and post-reconstruction analyses, for auto-spectra and cross-spectra,
and for direct comparison with configuration-space multipoles.

Suggested reading

• Feldman, Kaiser, and Peacock (1994) for the classic weighted power-spectrum estimator.
• Bianchi et al. (2015) and Hand et al. (2017) for FFT-based line-of-sight-dependent

estimators.
• Eisenstein et al. (2007), Padmanabhan et al. (2012), Burden et al. (2014), and White

(2015) for BAO reconstruction.
• Dodelson and Schmidt for a broad introduction to large-scale-structure statistics.

Homework

(1) Kaiser multipoles. Starting from P s(k, µ) = (b + fµ2)2Pm(k), derive P0(k), P2(k),
and P4(k).

(2) Cross-spectrum multipoles. Starting from PAB(k, µ) = (bA+fµ2)(bB+fµ2)Pm(k),
derive the expressions for PAB0 (k), PAB2 (k), and PAB4 (k).

(3) Configuration-space connection. Use the spherical-Bessel relation between P`(k)
and ξ`(s) to show why the same physical anisotropy can be discussed in Fourier space
or configuration space.

(4) BAO reconstruction. Explain why the reconstructed field is written as δrec = δd−δs,
and describe the qualitative difference between the Rec-Iso and Rec-Sym conventions.
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