
LECTURE 11: THE MEASUREMENT OF POWER SPECTRUM
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GONG-BO ZHAO

1. Measurement of power spectrum multipoles

x = χ cos δ cosα

y = χ cos δ sinα

z = χ sin δ

(1)

The Yamamoto estimator,
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P̂`(k) =
(2`+ 1)

I

∫
dΩk

4π

[∫
dr1

∫
dr2F (r1)F (r2)× eik·(r1−r2)L`

(
k̂ · r̂h

)
− P noise

` (k)

]
,

P̂Yama
` (k) =

(2`+ 1)

I

∫
dΩk

4π

[∫
dr1F (r1) e

ik·r1 ×
∫

dr2F (r2) e
−ik·r2L`

(
k̂ · r̂2

)
− P noise

` (k)

]
,

which can not be evaluated using FFTs.
One solution is the following [1],

An(k) =

∫
dr(k̂ · r̂)nF (r)eik·r(2)

P̂ Yama
0 (k) =

1

I

∫
dΩk

4π
[A0(k)A

∗
0(k)]− P noise

0

P̂ Yama
2 (k) =

5

2I

∫
dΩk

4π
A0(k) [3A

∗
2(k)−A∗

0(k)]

P̂ Yama
4 (k) =

9

8I

∫
dΩk

4π
A0(k) [35A

∗
4(k)− 30A∗

2(k) + 3A∗
0(k)]

(3)

k̂ · r̂ =
kxrx + kyry + kzrz

kr
(4)

A2(k) =
1

k2
{
k2xBxx(k) + k2yByy(k) + k2zBzz(k)

+ 2 [kxkyBxy(k) + kxkzBxz(k) + kykzByz(k)]}
(5)

Bij(k) ≡
∫

dr
rirj
r2

F (r)eik·r(6)

A4(k) =
1

k4
{
k4xCxxx + k4yCyyy + k4zCzzz

+ 4
[
k3xkyCxxy + k3xkzCxxz + k3ykxCyyx

+ 43ykzCyyz + k3zkzCzzx + k3zkyCzzy]

+ 6
[
k2xk

2
yCxyy + k2xk

2
zCxzz + k2ykzCyzz

]
+ 12kxkykz [kxCxyz + kyCyxz + kzCzxy]}

(7)

Cijl(k) ≡
∫

dr
r2i rjrl
r4

F (r)eik·r(8)

This works, but not efficient. A better way is using the addition theorem [2],



LECTURE 11: THE MEASUREMENT OF POWER SPECTRUM MULTIPOLES 3

L` (r̂1 · r̂2) =
4π

2`+ 1

∑̀
m=−`

Y`m (r̂1)Y
?
`m (r̂2)(9)

which is a generalisation of the well-known formula below,

sin(x+ y) = sin(x) cos(y) + cos(x) sin(y)
cos(x+ y) = cos(x) cos(y)− sin(x) sin(y)

(10)

Now,

P̂`(k) =
2`+ 1

I

∫
dΩk

4π
F0(k)F`(−k)(11)

F`(k) ≡
∫

drF (r)eik·rL`(k̂ · r̂)

=
4π

2`+ 1

∑̀
m=−`

Y`m(k̂)

∫
drF (r)Y ∗

`m(r̂)eik·r
(12)

where

Y`m(θ, φ) ≡


√

2`+1
2π

(`−m)!
(`+m)!L

m
` (cos θ) cosmφ m > 0√

2`+1
4π Lm

` (cos θ) m = 0√
2`+1
2π

(`−|m|)!
(`+|m|)!L

|m|
` (cos θ) sin |m|φ m < 0

(13)

References
[1] D. Bianchi, H. Gil-Marín, R. Ruggeri and W. J. Percival, Mon. Not. Roy. Astron. Soc. 453, no. 1, L11

(2015) doi:10.1093/mnrasl/slv090 [arXiv:1505.05341 [astro-ph.CO]].
[2] N. Hand, Y. Li, Z. Slepian and U. Seljak, JCAP 1707, no. 07, 002 (2017) doi:10.1088/1475-

7516/2017/07/002 [arXiv:1704.02357 [astro-ph.CO]].


